represent all the operators of a given group G, and let t represent any operator whatsoever. From the identities we observe that the transform, with respect to any operator of 6r, of the commutators formed with t and the operators of G is the product of two such commutators. All of these commutators must, therefore, form a group which is transformed into itself by G. When t transforms G into itself the given commutators generate the smallest self-conjugate subgroup of G which has the property that all of the operators of the corresponding quotient group are commutative to t ; i. e., t transforms each of the divisions of G with respect to this self-conjugate subgroup into itself. By letting t represent, in succession, all the operators of G we arrive at the known theorem that the commutator subgroup of a group is the smallest self-con jugate subgroup with respect to which the group is isomorphic to an abelian group.* From the fact that the commutator subgroup of G is a characteristic subgroup it follows that it is self-conjugatein every group that contains G self-conjugately. In particular, if G is of order p a and is not the abelian group of the type (1, 1, 1, . .., 1), then every group that contains G self-conjugately must also contain a self-conjugate subgroup of order pf*, a > t 3 > 0. When G is the abelian group of the type (1,1, 1, *.., 1), it is clearly always possible to construct a group which contains G self-conjugately and which transforms none of the subgroups of G besides identity into itself, f
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If t remains fixed in the commutator G = s ~* t ~1 st while « is multiplied on the left by all the operators of G we observe that C remains unchanged when this multiplier is commutative to t and that it is changed for every other multiplier. Arranging all the operators of G in the following THE COMMUTATORS OF A GIVEN GBOUP.
[Dec, manner, the first row being composed of the operators that are commutative to t, While G has the same number of different values as t has conjugates when it is transformed by all the operators of G, yet these different values of Cneed not include any of these conjugates of t nor is it necessary that these form a complete system of conjugates with respect to the operators of (?, e. g n when £ is one of the operators of order three in the alternating group of order twelve while s assumes successively all the values of the operators of this group, the four values of C are the operators of order two and identity. If s had assumed all the values of the operators of the symmetric group of order twenty-four, C would have assumed the values of four operators of order three in addition to the given four values.
The following two equations
show that every substitution is the product of two substitutions of order two that do not involve any element except those involved in the given substitution.* The given sub-* It may be observed that each of these substitutions transforms the given product into its inverse. stitutions of order two are similar when the given cyclical product involves an odd number of letters ; when this product involves an even number of letters, one of the given substitutions of order two contains one more transposition than the other. Hence every positive substitution is the product of two similar substitutions of order two. Since these two similar substitutions can be transformed into each other by some substitution we have the theorem :
Every positive substitution is the commutator of two substitutions involving only elements that are contained in the given positive substitution.
From the following examples we see that any circular substitution of an odd order is the product of two similar circular substitutions which may have either one or three common elements, a^ag • a,a a a 8 = a^a, a x a 3 a 4 -a x a 2 a 5 = a x a^a 2 a b a t a 3 0&4 • • * a n + 2 * U-M** + 3^n + 4 * * * a 2n +1
3= a\a$a± • • • a n+2 a 2 #H 4-z&n + 4 * * * a 2n+1 ai0& 2 #3 • • • a n+ 2 a>iQ>t(h a n +3 a n + 4 • • • a 2n 4.1 = a^a^ ••• tt n 4-2^2^n+3 a n + 4'** a 2n + l
Hence we observe that any cycle of an odd order greater than three is the product of two smaller similar cycles each of which is of an odd order. It is evident that the two given similar cycles can always be transformed into the inverse of each other by some even substitution ; i. e., every positive cycle whose degree exceeds three is a commutator of two positive substitutions which do not involve any elements except those which are contained in the given cycle.
From the following equations, in which 0 < 2a < n + l t a v a 2 "' ot n -f-1 * #i a n + 2^+3 " # ^n^a+i = a x a 2 ••* a 2<l • (* 2 a 4.1 C^2 a -f 2 •** #2n > n^> 1 a x a 2 k • * (* n + 2 * <WV*+ 3 a n-f 4 * * * &2n &2a + 2 = a x a^a± ••• Ct 2a + 1 * ÖW+2. a 2a-f 3 *•• Q>n + >2 a 2 a n + 3 '** #2» > (ft > 2), we observe that two negative cycles of degrees 2a and 2(n -«) are always the product of two positive cycles in-volving the same elements and of degree n+1 if n is even but of degree n + 2 if n is odd. Since not all the elements of these positive cycles are common, one of them may always be transformed into the inverse of the other by some positive substitution involving the same elements.* We have now proved that every positive substitution which does not include a cycle of order three is the commutator of two positive substitutions that do not involve any element except those of the given positive substitution. If a positive substitution consists of a cycle of order three it is evidently a commutator of positive substitutions with five but no smaller number of elements. If it contains a cycle of order three and some other elements it can clearly be expressed as the product of two positive substitutions such that the one can be transformed into the inverse of the other by a positive substitution in the same elements. Hence THEOREM I. Every substitution of the alternating group of degree n (n> 4) is a commutator of two substitutions of the same group.
The inverse of each of the two similar cycles having one common element whose product may be made any desired odd cycle can evidently be transformed into the other by a substitution of any arbitrary order. Hence any odd cycle is the product of two similar substitutions whose order is entirely arbitrary. Similarly we observe that any two negative cycles are the product of two similar substitutions whose order is arbitrary. In particular, any given operator is the product of two operators of the same arbitrary order. Hence the commutators of two operators may be employed to give a very simple proof of this special case of the general theorem. If Z, m, n are any integers greater than unity it is always possible to find three operators L, M, N whose orders are l, m, n and which satisfy the relation L = MN.
The holomorph of a cyclical group is evidently isomorphic to an abelian group with respect to this cyclical subgroup, f When the order of the given cyclical group is odd the given holomorph must contain systems of conjugate operators each of which includes as many operators as the order of the given cyclical subgroup. When this order is even the number of conjugates in a system must behalf as large. Hence THEOREM II. If the order of a cyclical group is odd, it is the commutator subgroup of its holomorph and all its operators are * Since ab • cd and abed • ef are the commutators of abe> ad • be and bfdec, ae -ef respectively, we do not need to consider the cases when n = 2 or 3. In fact, the general method is not directly applicable to these cases. 
